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We consider a Lorenz-like gauge theory with a second speed parameter that dif-

fers from the speed of light. This theory extends electrodynamics so that it has

two speeds corresponding to the speeds of transverse and longitudinal waves in vac-

uum. The two-parameter extension of electrodynamics can be formally mapped

onto the linear theory of elasticity. Because the case of equal speeds is not realized

in an elastic medium, a compressible medium cannot model electromagnetism. In

the Coulomb gauge electrodynamics can be formally mapped onto incompressible

elasticity, which suggests that a linear-elastic incompressible medium can serve as a

model of electromagnetism.

It is well known that Maxwell arrived at his electromagnetic equations during the course

of his attempts to construct a mechanical model of electromagnetic phenomena. These

equations were found to be correct, but the mechanical model had fatal drawbacks and was

soon rejected. One of the objections to the elastic model of electromagnetism is that a linear-

elastic medium is governed by two speed parameters while electrodynamics is essentially a

one-parameter theory. There also was some ambiguity in the description of an incompressible

solid elastic medium.

Recently, a gauge condition was considered (see Ref. 1 and references therein) that has

the form of the Lorenz gauge with a parameter c2
g/c in place of the parameter c. This two

speed electrodynamics theory can be directly compared with a linear theory of elasticity.

This comparison enables us to define the differences and similarities between the theory of

elasticity and Maxwell’s electrodynamics. We find, with some reservations, that the theory

of a linear-elastic medium can be used as a model of electromagnetism.

Maxwell’s equations in terms of electromagnetic potentials A and ϕ read as

1

c

∂A

∂t
+ E + ∇ϕ = 0 (1)

∂E

∂t
− c∇× (∇×A) + 4πj = 0 (2)

∇ · E = 4πρ . (3)
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To obtain the electromagnetic potentials uniquely, Eqs. (1)-(3) should be supplemented by

a gauge condition. The latter is commonly chosen in the form given by Lorenz

∇ ·A +
1

c

∂ϕ

∂t
= 0, (4)

or as the Coulomb gauge

∇ ·A = 0 . (5)

Each of the relations (4) and (5) yields electrodynamics with a single speed parameter,

in agreement with the experimental observations. Nevertheless, we will introduce into the

theory another parameter cg by considering the following generalization of the Lorenz gauge1

∇ ·A +
c

c2
g

∂ϕ

∂t
= 0 , (6)

where, in general, cg 6= c. Equation (6) extends electrodynamics to a theory with two

parameters. We will show that both parameters can be interpreted as a wave speed: c is

the speed of the wave in vacuum of the solenoidal parts of the fields A and E, and cg is

the speed of the wave in vacuum of ϕ and of the irrotational part of A. It is interesting to

compare the two-parameter extension of electrodynamics with the linear theory of elasticity

where there also are two speed parameters.

The motion of a linear-elastic homogeneous isotropic medium is governed by the Lame

equation (see for example, Ref. 2). The cases of compressible and incompressible media

usually are approached in somewhat different ways. So, we will write the equation of motion

in a form that covers both cases:

%
∂2s

∂t2
+ %c2∇× (∇× s) + ∇p = %f , (7)

where % is the density of the medium, s(x, t) is the displacement of the medium, p(x, t) is

the pressure, and f(x, t) is the field of an external force. For an incompressible medium we

must combine Eq. (7) with the equation

∇ · s = 0 . (8)

In a compressible medium we have Hooke’s law for the pressure

p = p 0 − % c2
g ∇ · s . (9)
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The parameters c and cg are the speeds, respectively, of the transverse and longitudinal

waves of the medium displacement. When f = 0, p = constant (= p 0) in an incompressible

medium, and the longitudinal wave is absent.

Maxwell equations (1) and (2) are isomorphic to the Lame equation (7) through the

following correspondence:

A = κc
∂s

∂t
(10)

% ϕ = κ(p− p 0) (11)

E = κ[−f + c2∇× (∇× s)] (12)

j =
κ

4π

∂f

∂t
, (13)

where κ is a constant. Equation (2) corresponds to the relation (12) differentiated with

respect to time. The Coulomb gauge (5) corresponds to the incompressibility condition (8)

differentiated with respect to time. The longitudinal gauge (6) corresponds to Hooke’s law

for the compressibility (9) differentiated with respect to time. By using the definition (12),

Eq. (3) specifies the external field f via a source function ρ :

κ∇ · f = − 4πρ . (14)

The differentiation with respect to time in Eqs. (2), (6), and (10) indicates that we are

dealing with an elastic-plastic medium (see, for example, Ref. 2, Sec. 29).

We may ignore the mechanical meaning of Eq. (7) and interpret it as merely a mathe-

matical construction that reduces three equations, (1), (2), and (6), to one equation, (7),

with Eq. (9) substituted into it.

If we consider Eq. (7) as the equation of motion of a linear-elastic medium, then we must

take into account the relation between the speeds of the two waves2

cg > c . (15)

Equation (4) follows from the longitudinal gauge (6) with cg = c. Thus, the inequality (15)

implies that the Lorenz gauge (4) cannot be mapped onto an elastic medium.

We thus come to the following conclusion. The two-parameter extension of electrodynam-

ics can be formally mapped onto the linear theory of elasticity extended to arbitrary values

of the wave speeds. The mapping occurs by modeling the electrostatic field with Eq. (14)

where the term f is an external force. The physical origin of this force is not specified in the
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elastic model. In the Coulomb gauge, electrodynamics can be mapped onto incompressible

elasticity. This means that we can formally model electromagnetism by the dynamics of a

linear-elastic incompressible medium.
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