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Common features are exposed in the description of linear mechanical waves – density wave of a
compressible medium, turbulence perturbation wave of the ideal fluid – and electromagnetic wave.
Being rendered in terms of the magnetic vector-potential and electric field, the electromagnetic wave
is shown to be isomorphic to a wave of small perturbation of the Reynolds-averaged turbulence.
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1. MECHANICAL WAVES

The underlying point mechanics of wave motion is the
undulation in the chain of coupled oscillators. The re-
markable feature of the linear coupling is that the force
term in the motion equation has the same structure by
the coordinate of an oscillator as the acceleration by the
time. The general phenomenology looks as follows.

The evolution of the velocity field u(x, t) in the con-
tinuum of interacting points is described by the Newton
law

du

dt
= ∂tu + uk∂ku = F , (1)

where F(x, t) is the mass density of the force exerted on
the element x of the medium by the environment. The
summation over recurrent index is implied in (1) and
throughout. Linearizing (1) for small velocities:

∂tu = F . (2)

Next, the linearized evolution law of the force field can
be written down:

∂tF = w, (3)

and so on. As will be shown below, in a number of impor-
tant cases the set (2)-(3) of the equations can be closed
by the form

w = c2∇2u, (4)

where c is a constant. Differentiating (2) by t and substi-
tuting (3) with (4) in the result, gives the wave equation
for the momentum:

∂2t u = c2∇2u. (5)

Further we will discuss particular systems which admit
linear waves described by the d’Alembert equation of the
kind (5).
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1.1. Density wave

In the gas or fluid the force field is shaped in terms of
the pressure p(x, t) and bulk density %(x, t) as

F = −∇p/%, (6)

that is the particular case σik = −pδik of the general
expression of the force density through the stress tensor,

%Fi = ∂kσik. (7)

So, it is suitable also for elastic solids. With small devi-
ations from the equilibrium %0, p0, the state equation is
linear, in the case of the compressible medium:

p− p0 = c2(%− %0), (8)

where c is a constant. From (6) and (8) we have

F = −c2∇%/% ≈ −c2∇%/%0. (9)

Evolution of the density is specified by the continuity
equation. Linearizing it:

∂t% = −∇(%u) ≈ −%0∇ · u. (10)

Differentiating (9) by t and substituting (10) in the right-
hand side, with taking into account the vector relation

∇(∇ · u) = ∇× (∇× u) +∇2u, (11)

we obtain for the irrotational motion:

∂tF = c2∇(∇ · u) = c2∇2u. (12)

Thus, in the case under consideration the form (4) of the
closure to (3) arises from that, firstly, the force density
is proportional to the gradient of the pressure, (6), sec-
ondly, the perturbation of the pressure is proportional to
perturbation of the medium density, (8), and, lastly, the
rate of change of the medium density equals to (minus)
the divergence of the flux, (10). Substituting (12) into
(2) differentiated by t, returns us to (5).

On the other side, let us differentiate (10) by t and
substitute in the result first (2) and then (9). The
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d’Alembert equation for the density wave will be thus
obtained:

∂2t % = c2∇2%. (13)

As we see, the wave (5) of the momentum is not arisen
alone. It is necessarily accompanied by a complementary
wave of another field, in this case by the wave (13) of the
density.

FIG. 1: Pushing the movable wall of the vessel to the right
induces in the gas the compression wave, pulling the piston
in the left gives rise to the rarefaction wave.

The wave of compressibility can be generated kicking
the piston of a cylindrical vessel (Fig.1). Pushing the
piston from the left induces a compression % > %0 running
in the direction of the longitudinal coordinate x (Fig.2).
It is described by the solution

%(x− ct) (14)

of the equation (13). Pulling the piston rapidly out of the
vessel induces the running wave of rarefaction, % < %0.
The function (14) is homogeneous with respect to space
and time coordinates because the d’Alembert equation
(13) has the same structure for each of these coordinates.
From (10) we see, that the running wave of the velocity
is in-phase with (14):

u = c%/%0. (15)

FIG. 2: Possible mass profile of a compression wave.

1.2. Perturbation of turbulence

Velocity and pressure fields of a turbulent fluid can be
decomposed into the sum of the averaged over a short
time interval component 〈u〉, 〈p〉 and turbulent fluctua-
tion u′, p′:

u = 〈u〉+ u′, p = 〈p〉+ p′, (16)

where

〈u′〉 = 0, 〈p′〉 = 0. (17)

Fluid incompressibility condition follows from the conti-
nuity equation at constant density:

∇ · 〈u〉 = 0, ∇ · u′ = 0. (18)

Substituting (16) into the motion law (1) with the pres-
sure force (6) and averaging, we obtain taking into ac-
count (17)

∂t 〈ui〉+ 〈uk〉 ∂k 〈ui〉+ ∂k 〈u′iu′k〉 = −∂i 〈p〉 /%. (19)

Thus, in the motion equation (19) there appeared the
stress tensor % 〈u′iu′k〉 with nonzero off-diagonal elements,
or shear stresses, that enables us to discard nonlinear
terms − as it is customary for small perturbations in the
theory of elasticity:

∂t 〈ui〉+ ∂k 〈u′iu′k〉+ ∂i 〈p〉 /% = 0. (20)

We have in the unperturbed state:

〈u′iu′k〉0 = c2δik. (21)

The constant c expresses the strength of the turbulence.
Further, it can be shown [1] with the account of (21),
that the evolution of the Reynolds stress tensor % 〈u′iu′k〉
in the incompressible flow is described by the equation

∂t 〈u′iu′k〉+ c2(∂i 〈uk〉+ ∂k 〈ui〉) + hik/% = 0, (22)

where hik = 〈u′i∂kp〉+ 〈u′k∂ip′〉+ %∂j
〈
u′iu

′
ju

′
k

〉
.

Considering a one-dimensional problem − a perturba-
tion propagating along the axis x, take into account that
all quantities depend only on the first coordinate. Then
we have from the incompressibility condition (18):

∂i 〈ui〉 = ∂1 〈u1〉 = 0. (23)

This means that the component 〈u〉 along x does not
participate in the process, i.e. the plane perturbation is
transverse. So, we will consider the evolution of 〈u2〉 de-
pending on x and t. Because of the one-dimensionality, in
the equation (20) for i = 2 there is vanishing the pressure
term, ∂2 〈p〉 = 0, and moments of turbulent fluctuations,
excepting 〈u′2u′1〉:

∂t 〈u2〉+ ∂1 〈u′2u′1〉 = 0. (24)

According to (24), the process at issue does not disturb
the density of the turbulence energy % 〈u′iu′i〉 /2. The
equation (22) for i = 2, k = 1 is

∂t 〈u′2u′1〉+ c2∂1 〈u2〉 = 0, (25)

where there was assumed for the cross term h21 = 0.
Differentiating (25) by x:

∂t∂1 〈u′2u′1〉+ c2∂21 〈u2〉 = 0. (26)
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Equation (26) can be compared with the closure (3), (4)
in the general scheme of the linear wave. Differentiating
(24) by t and using (26) in the result, we obtain the wave
equation for the averaged momentum:

∂2t 〈u2〉 = c2∇2 〈u2〉 . (27)

The wave of momentum is accompanied by the com-
plementary to it wave of the turbulent force density
%∂1 〈u′2u′1〉, whose equation can be easily obtained from
(24) and (25):

∂2t ∂1 〈u′2u′1〉 = c2∇2∂1 〈u′2u′1〉 . (28)

From (28) we will find for the progressive wave of the
Reynolds stress 〈u′2u′1〉 = ξ(x − ct). Then we see from
(24) that the wave of averaged momentum is in phase
with it: 〈u2〉 = ξ/c. The wave of the turbulence force
%∂1 〈u′2u′1〉 lags behind it by a quarter phase (Fig.3).

FIG. 3: Turbulence perturbation wave in an ideal fluid: 〈u2〉
– the averaged velocity of the fluid flow, 〈u′2u′1〉 – the cross
moment of turbulent fluctuations.

2. ELECTROMAGNETIC WAVE

2.1. Magnetic vector-potential

Maxwell’s equations in potentials are

∂tA/c+ E + ∇ϕ = 0, (29)

∂tE/c−∇× (∇×A) + 4πj/c = 0. (30)

In the case of the Coulomb gauge

∇ ·A = 0, (31)

using vector relation (11), we may transform (30) as

∂tE/c+∇2A + 4πj/c = 0. (32)

Let all potentials depend only on a single space co-
ordinate, say x. Then, from (31), similar to the one-
dimensional incompressibility (23) in the fluid, follows
that A1 does not mean. Considering A2 in dependence
on x and t, we will have in the equation (29) ∂2ϕ = 0:

∂tA2/c+ E2 = 0. (33)

Equation (32) for E2 when j2 = 0 is

∂tE2/c+ ∂21A2 = 0. (34)

We may compare (33) with (2) and (34) with (3), (4).
From (33) and (34) there is easily obtained d’Alembert
equation for A2 and E2. As in the case of above con-
sidered mechanical waves – velocity and density of the
ideal gas, averaged velocity and Reynolds stresses of the
turbulent ideal fluid – magnetic and electric waves are
inseparable, and thus have a single name of electromag-
netic wave. From (33), or (34), we see that A2 and E2 are
not in-phase. But they are in one and the same plane,
let it be xy. For instance, if A2 in the plane wave looks
as it is shown in Fig.3 by 〈u2〉, then E2 is shifted by a
quarter phase as ∂1 〈u′2u′1〉.

2.2. Magnetic field

Magnetic field for the plane wave is

H = ∇×A

= (∂2A3 − ∂3A2, ∂3A1 − ∂1A3, ∂1A2 − ∂2A1)

= (0, 0, ∂1A2). (35)

Differentiating (33) by x, we obtain for the plane wave
taking into account (35), H3 = ∂1A2:

∂tH3/c+ ∂1E2 = 0. (36)

Using (35) in (34):

∂tE2/c+ ∂1H3 = 0. (37)

We see form each of the equations (36) and (37) that
in the progressive wave magnetic and electric field are
in-phase, but lie in different coordinate planes (Fig.4).

FIG. 4: Running electromagnetic wavelet.

2.3. Standing harmonic wave

A running to the right harmonic wave is described by
the following forms meeting the equations (36) and (37):

E′
2 = E0 sin[k(x− ct)], (38)

H ′
3 = E0 sin[k(x− ct)]. (39)
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For the wave running to the left they are:

E′′
2 = E0 sin[k(x+ ct)], (40)

H ′′
3 = −E0 sin[k(x+ ct)]

= E0 sin[k(x+ ct) + π]. (41)

The standing wave is modeled by the superposition of
(38), (40) and (39), (41):

E2 = E′
2 + E′′

2

= E0{sin[k(x− ct)] + sin[k(x+ ct)]}
= 2E0 sin(kx) cos(kct), (42)

H3 = H ′
3 +H ′′

3

= E0{sin[k(x− ct)] + sin[k(x+ ct) + π]}
= 2E0 sin(kx+ π/2) cos(kct+ π/2). (43)

According to (42) and (43), in the standing wave electric
and magnetic fields are shifted by π/2 (Fig.5).

FIG. 5: A phase of the standing electromagnetic wave.

3. COMMON FEATURES OF CONTINUUM
WAVES

We see that linear waves of different nature are de-
scribed by a similar chain of equations. The first term in
the chain is the equation (2) of evolution of the momen-
tum. For the electromagnetic wave this is the equation
(33) of evolution of the magnetic vector-potential. The
second term in the chain is the equation (3) of evolution
of the force. In the case of the density wave this is the
combination of the pressure gradient (6), the gas state
equation (8) and continuity equation (10). For the tur-
bulent fluid this is the equation (26) corresponding to
the Reynolds stress evolution (25). For electromagnetic
wave this is the equation (34) of evolution of the electric
field. In all cases the closure of the second term on the
first one has the identical form (4), with the indicated
correspondence for the “momentum”.

So, the wave of “momentum” is always accompanied
by the complementary to it the wave of “force” or stress.
In this occasion the electromagnetic wave appears to be
isomorphic to the turbulence perturbation wave, with the
following correspondence:

Ai ↔ c 〈ui〉 , (44)

Ei ↔ ∂k 〈u′iu′k〉 . (45)

In general, the scalar potential ϕ corresponds to the per-
turbation of the averaged pressure 〈p〉 [1].

The analogy between the perturbation of the turbu-
lence and electromagnetism is represented, in particu-
lar, by that the density % 〈ui〉 〈ui〉 /2 of the energy of the
averaged fluid flow does not enter into the common inte-
gral with the density % 〈u′iu′i〉 /2 of the turbulence energy.
And the turbulence energy of the turbulence perturba-
tion wave is vanishing.

[1] O. V. Troshkin, On wave properties of an incompressible
turbulent fluid, Physica A, 168, 881-899 (1990).
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